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1. Let (N, E) be an undirected network, and consider the polytope

forde N

Py=SzeRf : > z.<d ieNy,
e€d (1)

a) Suppose the network is bipartite; show that P is integral by showing that any fractional point cannot
be extreme. Hint: Start by assuming the network has a cycle. Then argue the acyclic case.

Answer: Let z € P be a fractional solution. Let E(z) = {e € E : z. € (0,1)} be the set of edges
associated to a fraction coordinate of z. Let € = minccp(y) (min{x87 1-— J;e}) Recall that a bipartite
graph cannot contain odd cycles. Then, there are two possibilities for the graph G(z) := (N, E(x)):

i

ii.

G(z) has an even cycle C. Let iyis - -igxi; be the of nodes C. We can define two other solutions
z', 22 € P; such that = #:

e +e€, ife= (i, i41) and r is even,
T, =4 x—¢€, ife=(ip,ir41) and ris odd or e = (igg, 1),

Te, if e does not belong to C,

e —e€, if e = (ip,i,41) and r is even,
. =42 +e€ ife=(ip,ir41) and r is odd or e = (igg, 1),

Te, if e does not belong to C.

Hence, = cannot be an extreme point.

G(z) is acyclical. Let P = 4y ---i, be a maximal path in G(x). Note that z, must be 0 for any
edge in 6(i1) U 0(in)\E(x). Indeed, if z. is 1 for some edge e € 6(i1)\E(x) then the constraint
Zeeé(il) z, < 1 implies that the solution z. for the edge e’ = (i1,42) cannot be fraction. Similarly,
for e € §(in)\E(x). Thus, z. must be 0 for any edge in d(i1) U d(in)\E(z). We define two other

solutions z!,z? € P; such that x = ‘”1'5'”2 analogously to (1):

xe+e€, if e=(ip,ir41) and r is even,
Lo =1 Te—¢€, ife=(ip,ipr1) and r is odd,

Te, if e does not belong to P,

. —¢€, if e = (ip,i,41) and r is even,
x, =< z.+e€ ife=(ir,ir11) and r is odd,

Te, if e does not belong to P.



Hence, x cannot be an extreme point.

b) Now suppose the network is not necessarily bipartite; prove that P, is integral, by again arguing that
a fractional point cannot be extreme. Hint: Start with your argument from (a) and then think of how
many variables can have positive value.

Answer: Given a graph G = (N, E), we create a bipartite graph G = (N’ U N, E) with partitions N’
and N” by duplicating each node ¢ € N into ¢’ and " in N” and N”,| respectively. For each edge {i,j} € F
we create the edges {i’, j””} and {i”,j'} in the sets E; and Es, respectively. We define the set of edges E
as F1 U Fs. Consider the following polytope Q:

Q={yeRl : > 5 <1, VkeNUN"}. (3)
EE(Saaf)

From question (a), we know that @ is an integral polytope. Let A : RE — RE be the following linear
transformation:

[A(y)]e = Yey T Yeos (4)

where e = {i,j} € E, e; = {i',§"} € E1, and e2 = {i",j'} € Es. It is enough to prove that P, = A(Q)
since the extreme points of the image of a polyhedron is the image of the extreme points, and the sum
of two integral vectors is an integral vector.

Indeed, let x € P,. Then, define y € Ré as follows:

)2, ife={i, j"} € By, where e = {i,j},
¢ x./2, ife=1{i",j'} € Eg, where e = {i,j}.

It follows from the definition of the bipartite graph G that Y ec sa(k) Ye < 1. So, P, C A(Q). Conversely,
for any y € @Q, we have that = defined as A(y) is such that

Z Te = Z (yel+y62): Z yg—i— Z y€§2
e€dg (i) e€dg (i) 2es5(i') zeo62(i)

Thus, P, 2 A(Q). Hence, we conclude that P, = A(Q).

2. Consider polytopes P, = {x € R™ : AFg < bk} for k = 1,..., K, and recall the copies method: We model
Uk P, with

K K
Qr = {a@ml,...,xK €ER" zc{0, 1} .z = Zxk; sz =1; AFzF < bz, Vk}
k=1 k=1

Let @ be the linear relaxation of Q7, where z € [0,1]%. Prove that Q = conv(Qr), and thus proj,(Q) =
conv(lJ, Pr) Hint: If you can prove it for K = 2 you can prove it for any K.

Answer: We observe that conv(Q;) C @, since @ is the linear relaxation of Q7. To prove the reverse inclusion,
we need to show that any vector of @ is the convex combination of vectors in Q. Let (z,z',...,2%, 2) € Q
and let I(z) = {i € {1,...,k}: 2 > 0}. Note that

I(z) is nonempty,

7= le’ €P, Viel(z), and

ﬂ:mlw6uwwmu@.
Recall that (Z,7",...,2%, Z) belongs to Q7 if, and only if,

~ ~i

T =1, e P, T =0 forallj#i, and z=¢€' forsomeic€{l,...,k}, (5)



This concludes that (z, 2!, ... L

weights {2 }icr(z)-

For the last part, note that proj, Qr = J, Pr and the equality

proj, (conv A) = conv (proj, A)

holds for any subset A. Hence, proj,(Q) = proj,(conv Qr) = conv(lJ, Px).

) is the convex combination of vectors in Qy, as indicated by (5), with

. For an undirected network (N, E) without isolated nodes, consider the polytope P C Ry defined by non-
negativity and the constraints =; + z; < 2, for {3, j} € E.

a) Suppose the network has a cycle. Show that the constraints defined by the edges of the cycle are linearly
independent if and only if the cycle is odd.

Answer: Let C be the cycle defined by the nodes i1is - - - i,. The coefficient matrix A,, that represents
the constraints x; + z; < 2 for edges {i, j} € E(C) can be represented as:

11 12
1 1

1
1

13 4
1
1 1

In—1

in
{i1,12}
{i2, 13}
{is, 14}
1 {infly Zn}
1 {in,i1}

We show by induction that det A,, = 2 if n is odd, and det A,, = 0 if n is even. Indeed, the base cases
det A3 and det A4 can be easily computed:

det A,

(Ca;Cz)

1
det A3 =
1
1 1
(Ls—La)
1
1

(L2;L3)
1
1 1
1 0
1

1 1 @
-1 1 o
1 1
1
(La—Ls3) | 1
-1
1
(C2=Ch)
1 1
1
1
1 1 1
1

0
1 0l =2,
1
0 0
(Ll:Lz) 1 1 0
o -1 1
1
1 1
1 1
1
:detAn,Q.
1
1



b) Use your answer in (a) to show that the polytope is integral, by arguing directly that every extreme
point must be integral.

Answer: Let A be the incidence matrix of the constraints ; +x; < 2, for {7, j} € E, where the rows and
columns represent the edges and nodes of the graph G = (N, E), respectively, as illustrated in Eq. (6).
An extreme point x to the polytope P = {x € RF : Az < 2.1, x > 0} is the unique solution to

HxH = 2']1H7
:EH[} - O,

where H € R**F is a square non-singular submatrix of A, 15 € RF is a vector of 1’s, zy € RF*

and 2 ¢ € R"F are subvectors of € R", and n := |N|. From the Cramer’s rule, we have that
( ) det Hi
TH)i = ,
™ et H

where H; is the matrix formed by replacing the i-th column of H by the column vector 2 - 1. Let IAL
be the matrix formed by replacing the i-th column of H by the column vector 1y (instead of 2 - 1p).
Note that B B

det H; = 2% . det H;, and detH, € Z.

If we prove that det H is equal to 2! for some [ < k then we conclude that zj is integral.

Below we have some comments regarding det H:

i. By performing row expansions on the determinant of H, we eliminate the rows of H with only one 1.
The result is the determinant of an incidence matrix of a subgraph of G.

ii. By performing column expansions on the determinant of H, we eliminate the column of H with only
one 1. This result in the determinant of an incidence matrix H of a subgraph G for which all the
nodes have degree at least 2.

iii. Each connected component of Gz = (N, ) must have the same number of nodes and edges.
Indeed, since |N| = |E4l, if some connected component have more edges than nodes then there is
another connected component with more nodes than edges, which implies that there exist at least
one node of degree 1. However, this cannot happen because of the previous step. Thus, the incidence
matrix H is a block diagonal matrix of square matrices H, € RFr*Fr

H,
_ H, A
det H = , , and  det H =det H = [ ] det H,, (7)

r=1

H,

where [ < k is the number of connected components of G and H, is the incidence matrix of a
connected component, for all 1 < r <.

iv. Because the graph Gz = (Ng, , Eg ) is connected, [Nz | = |Eg [, and the degree of each node
is at least 2 then Gﬁr must be a cycle. In particular, the graph Gﬁr must be an odd cycle, for
every r = 1,...,[, otherwise the matrix H would be singular.

This concludes our proof that det H = 2, for some [ < k.

4. Let A be a TU matrix with full row rank, and let B be a basis of A. Prove that B~ A is TU.

Answer: Recall that a matrix H € R™*" is TU if, and only if, [H, I,,] € R™*(™*") is unimodular. Thus,
we show that C' := [B7'A, I,,,] is unimodular. Let M C {1,...,(n +m)} be a subset of columns of C with



cardinality m, that is, |[M| = m. Let My := M N{l,...,n} and My := M N{n+1,...,m + n}. Denote
by Cjs the matrix formed by the columns in M. Then, we can represent C'y; as follows:

= [(B™ 4))jern, (e5)jems,)
B~ [(A )jems» (Byj)jens]
=B '[Awm,, Bus,]
=B '[Awm,, Ans]

where A; and B; are the j-th column of A and B, respectively, and e; is the j-th element of the canonical
basis. Since B and [Any,, A, | are square submatrices of A their determinant are in {0, £1}. Therefore,

det Cp; = det B! det [AMNAMQ] e {0,£1}.

Hence, C' is unimodular.

. Let A € {0, 1}”X(”+1) be a matrix consisting of an identity matrix appended with a column of all 1’s. Prove
that A is TU directly from the definition, i.e. by showing that all square sub-matrices have determinants in
{0,+1}.

Answer: Let H € R¥*F be a square submatrix of A. If H does not contain the last column of A then H is
just a submatrix of the identity I, so det(H) € {0,£1}. If H contains the last column, one could represent
it as [B, 1], where 1 € R* is a column vector of 1’s, and B € R¥*(*=1) is a submatrix of I,,. Recall that if we
subtract a row from another row it does not change the determinant of a matrix. Thus, we have that

det ([B, 1]) = det ([E, e1)
= detB S {O,il}a

where B is a submatrix of B obtained by subtracting the consecutive rows of B from the first row of B, and
B e RE=Dx(k=1) ig the submatrix obtained by removing the first row of B.



