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1. Xn×p ∼ Np×n(µ1
T
n , In ⊗ Σ) is a normal random matrix. Let a be a fixed p-dimensional vector and

y = aTX = (y1, y2, . . . , yn). Let t(a) be the corresponding one-sample t statistic

t(a) =

√
nȳ√∑

i(yi − ȳ)2/(n− 1)
.

Show that Hotelling’s T 2 statistic is equal to maxa̸=0t
2(a).

Solution. Let Jn = 1/n1n1
T
n .

t2(a) =
n(n− 1)aTX1n/n1n/n

TXTa

aTX(I − Jn)XTa

=
(n− 1)aTXJT

n XTa

aTX(I − Jn)XTa

Therefore,

1− 1

t2(a)/(n− 1) + 1
=

(n− 1)aTX(I − Jn)X
Ta

aTXXTa
,

â = argmax t2(a) = argmax
(n− 1)aTXJnX

Ta

aTXXTa

Let A = XJnX
T , B = XXT , then â = B−1/2ξ1, where ξ1 is the first eigenvector of B−1/2AB−1/2.

Notice that rank(B−1/2AB−1/2) = 1, first eigenvalue λ1 = tr(B−1/2AB−1/2) = 1/n1TnX(XTX)−1XT 1n,
ξ1 = (XTX)−1/2XT 1n.

t2(â) =
(n− 1)(1TnX(XTX)−1XT 1n)

2

n(1TnX(XTX)−1XT (I − J − n)X(XTX)−1XT 1n)

=
(n− 1)1TnX(XTX)−1XT 1n

n(1− 1/n1TnX(XTX)−1XT 1n)
.

By Woodbury formula,

T 2 = n(n− 1)1Tn/nX
T (X(I − Jn)X

T )−1X1n/n

= (n− 1)/n1TnX
T ((XXT )−1 − (XXT )−1(−1 + 1n/

√
nX(XTX)−1XT 1n/

√
n)−1(XXT )−1)X1n

= (n− 1)/n(1TnX(XTX)−1XT 1n − 1/n(1TnX(XTX)−1XT 1n)
2

1/n1TnX(XTX)−1XT 1n − 1
)

=
(n− 1)1TnX(XTX)−1XT 1n

n(1− 1/n1TnX(XTX)−1XT 1n)
= t2(â).

□
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2. Show that Hotelling’s two-sample T 2 test is distributed as

T 2 ∼ (n− 2)p

n− p− 1
Fp,n−p−1(δ

2), where δ2 =
n1n2

n
(µ2 − µ1)

⊤Σ−1(µ2 − µ1).

Solution. The T 2 statistic can be represented as

T 2 =
(Ȳ − X̄)⊤

{
Σ(n−1

1 + n−1
2 )

}−1
(Ȳ − X̄)

(Ȳ − X̄)⊤
{
Σ(n−1

1 + n−1
2 )

}−1
(Ȳ − X̄)

/
(Ȳ − X̄)⊤

{(
S2
X+S2

Y

n−2

)
(n−1

1 + n−1
2 )

}−1

(Ȳ − X̄)
≡ B

A
.

First, X̄ ∼ Np(µ1,Σ/n1), Ȳ ∼ Np(µ2,Σ/n2), and X̄ Ȳ . Then,

Ȳ − X̄ ∼ Np

{
µ2 − µ1,Σ(n

−1
1 + n−1

2 )
}
.

By the definition of non-central chi-squared distribution, we have

B = (Ȳ − X̄)⊤
{
Σ(n−1

1 + n−1
2 )

}−1
(Ȳ − X̄) ∼ χ2

p(δ
2),

where
δ2 = (µ2 − µ1)

⊤ {
Σ(n−1

1 + n−1
2 )

}−1
(µ2 − µ1) =

n1n2

n
(µ2 − µ1)

⊤Σ−1(µ2 − µ1).

Second,

A =
(Ȳ − X̄)⊤

{
Σ(n−1

1 + n−1
2 )

}−1
(Ȳ − X̄)

(Ȳ − X̄)⊤
{(

S2
X+S2

Y

n−2

)
(n−1

1 + n−1
2 )

}−1

(Ȳ − X̄)
= (n− 2)−1 (Ȳ − X̄)⊤Σ−1(Ȳ − X̄)

(Ȳ − X̄)⊤ (S2
X + S2

Y )
−1

(Ȳ − X̄)
.

Since (X̄, Ȳ ) (S2
X , S2

Y ) and S2
X + S2

Y ∼ Wp(Σ, n− 2), we have

A|(X̄, Ȳ ) ∼ (n− 2)−1χ2
(n−2)−(p−1) ∼ (n− 2)−1χ2

n−p−1,

which implies that A B, and marginally, A ∼ (n− 2)−1χ2
n−p−1. Therefore, T

2 statistic can be represented
as

T 2 =
(n− 2)p

n− p− 1
×

χ2
p(δ

2)/p

χ2
n−p−1/(n− p− 1)

∼ (n− 2)p

n− p− 1
× Fp,n−p−1(δ

2),

since χ2
p(δ

2) χ2
n−p−1 above. □
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