
ISYE 7405

Homework 3
Jacob Aguirre Email: aguirre@gatech.edu
Instructor: Dr. Shihao Yang

1. Xp×n ∼ Np×n(µ1
⊤
n ,∆ ⊗ Σ) is a normal random matrix. Let Y = HpXHn, where Hp =

Ip − 1p1
⊤
p /p and Hn = In − 1n1

⊤
n /n. Show that

1.
∑n

j=1 Yij =
∑p

i=1 Yij = 0 for all i and j.

2. Y ∼ Np×n(0,∆
Y ⊗ ΣY ), where

σY
i,i′ = σi,i′ − σi. − σ,i′ + σ.., i, i

′ = 1, 2, · · · , p
∆Y

j,j′ = ∆j,j′ −∆j. −∆.j′ +∆.., j, j
′ = 1, 2, · · · , n.

Here dot “·” indicates an average over the missing index.

3.
∑

i′ σ
Y
i,i′ =

∑
j′ ∆

Y
j,j′ = 0 for all i and j.

Solution. (a) Note that Hp and Hn are two projection matrices orthogonal to 1p and 1n,
respectively. Therefore, we have Hp1p = 0 and Hn1n = 0. We use ek = (0, . . . , 1, . . . , 0)⊤

to denote the vector with only the k-th entry being 1, and the dimension of ek will be
determined later according to matrix multiplication.

Since
∑n

j=1 Yij is the sum of the i-th row of the matrix Y , we have

n∑
j=1

Yij = e⊤i Y 1n = e⊤i HpXHn1n = 0.

Similarly, since
∑p

i=1 Yij is the sum of the j-th column of the matrix Y , we have

p∑
i=1

Yij = 1⊤p Y ej = 1⊤p HpXHn = 0.

(b) First,

Y = HpXHn ∼ Np×n(Hpµ1
⊤
nHn, (Hn∆Hn)⊗ (HpΣHp)) = Np×n(0, (Hn∆Hn)⊗ (HpΣHp)),

and ∆Y = Hn∆Hn,Σ
Y = HpΣHp. We further notice that

Hpei = ei −
1

p
1p1

⊤
p Ei = ei −

1

p
ei.
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Therefore, the (i, i′) entry of ΣY is

σY
i,i′ = e⊤i ∆

Y ei′ = e⊤i HpΣHpei′ = (ei − p−11p)
⊤Σ(ei′ − p−11p)

= eiΣei′ − p−1e⊤i Σ1p − p−1Σei′ + p−21⊤p Σ1p

= σi,i′ − σi. − σ.i′ + σ...

The result for ∆Y follows the same argument, except for the difference between p and n and
between σ and ∆.
(c) We have ∑

i′

σY
i,i′ =

∑
i′

σi,i′ − σi. − σ.i′ + σ.. = pσi. − pσi. − pσ.. + pσ.. = 0,

and the same result for ∆Y .□

2. Consider X ∼ Np×n(0,∆ ⊗ Σ), where ∆ii = 1 for all i. Σ̂ = XXT/n. Show that

E(Σ̂) = Σ. Now consider Yp×n ∼ Np×n(0, In ⊗ Σ). Let Σ̂0 = Y Y T/n. Show that for all

i, j, k, l, we have Cov(Σ̂ij, Σ̂kl) = Cov((Σ̂0)ij, (Σ̂0)kl)(1 + 2/n
∑

g<h∆
2
gh).

Solution.

E(Σ̂) = E(XXT/n) = 1/n
n∑

i=1

E(XiX
T
i ) = 1/n

n∑
i=1

cov(Xi) = 1/n
n∑

i=1

= 1/n
n∑

i=1

∆iiΣ = Σ.

Cov(Σ̂ij, Σ̂kl) = 1/n2Cov(
n∑

r=1

XirXjr,
n∑

s=1

XksXls)

= 1/n2

(
n∑

r=1

Cov(XirXjr, XkrXlr) + 2
∑
r<s

Cov(XirXjr, XksXls)

)
.

Notice thatXir’s are normally distributed with mean 0, and by the formula of normal kurtosis
:

E((X1 − E(X1))(X2 − E(X2))(X3 − E(X3))(X4 − E(X4)))

= cov(X1, X2)cov(X3, X4) + cov(X1, X4)cov(X2, X3) + cov(X1, X3)cov(X2, X4)

We have:

Cov(XirXjr, XksXls) = E(XirXjrXksXls)− E(XrrXjr)E(XksXls)

= E(XirXks)E(XlsXjr) + E(XirXls)E(XisXkr)

= ∆2
rsσikσlj +∆2

rsσilσkj

= ∆2
rs(σikσlj + σilσkj)

Cov(Σ̂ij, Σ̂kl) = 1/n2

(
n∑

r=1

∆2
rr(σikσlj + σilσkj) + 2

∑
r<s

∆2
rs(σikσlj + σilσkj)

)
= (σikσlj + σilσkj)/n(1 + 2/n

∑
r<s

∆2
rs)
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Specifically,

Cov((Σ̂0)ij, (Σ̂0)kl) = 1/n2

(
n∑

r=1

1 · (σikσlj + σilσkj) + 2
∑
r<s

0 · (σikσlj + σilσkj)

)
= (σikσlj + σilσkj)/n.

So we have:

Cov(Σ̂ij, Σ̂kl) = Cov((Σ̂0)ij, (Σ̂0)kl)(1 + 2/n
∑
g<h

∆2
gh)

3. Consider the mapping of T → S = T⊤T , which takes an upper triangular p × p
matrix T into the symmetric matrix S. We mentioned in the class that J(T → S) =(
2p
∏p

i=1 t
p−i+1
ii

)−1
. Now prove this result.

Solution. From

S = T⊤T =


t11 0 · · · 0
t12 t22 · · · 0
...
t1p t2p · · · tpp



t11 t12 · · · t1p
0 t22 · · · t2p
...
0 0 · · · tpp

 ,

we have 

s11
s12
...
s1p
s22
s23
...
s2p
...

s(p−1)(p−1)

s(p−1)p

spp



=



t211
t11t12
...

t11t1p
t212 + t222

t12t13 + t22t23
...

t12t1p + t22t2p
...

t21(p−1) + t22(p−1) + · · ·+ t2(p−1)(p−1)

t1(p−1)t1p + t2(p−1)t2p + · · ·+ t(p−1)(p−1)t(p−1)p

t21p + t22p + · · ·+ t2pp



.
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Therefore, the Jacobian matrix of the transformation T → S is

∂S

∂T
=

∂(sij : i ≤ j)

∂(tij : i ≤ j)
=



2t11
∗ t11
...
∗ ∗ · · · t11
∗ ∗ · · · ∗ 2t22
∗ ∗ · · · ∗ ∗ t22
∗ ∗ · · · ∗ ∗ · · · t22
...
∗ ∗ · · · ∗ ∗ · · · ∗ · · · 2t(p−1)(p−1)

∗ ∗ · · · ∗ ∗ · · · ∗ · · · ∗ t(p−1)(p−1)

∗ ∗ · · · ∗ ∗ · · · ∗ · · · ∗ ∗ 2tpp



.

Since it is a lower triangular matrix (the elements denoted by ∗ does not matter in the latter
calculation), its determinant is

2ptp11t
p−1
22 · · · t2(p−1)(p−1)tpp = 2p

p∏
i=1

tp−i+1
ii .

And the Jacobian J(T → S) is the inverse of the value above.□

4. Suppose Ap×p is non-singular. Show that the mapping of S → S̃ = ASA⊤, which takes a

symmetric positive definite matrix Sp×p into S̃p×p, has Jacobian J(S → S̃) = (det(A))−(p+1).
Solution. Using the property of the Wishart distribution, if S ∼ Wp(Ip, n) has density

fS(S) = c exp

{
−1

2
tr(S)

}
{det(S)}(n−p−1)/2,

then S̃ = ASA⊤ ∼ Wp(AA
⊤, n) has density

fS̃(S̃) = c{det(AA⊤)}−n/2 exp

{
−1

2
tr(A−⊤A−1S̃)

}
{det(S̃)}(n−p−1)/2.

Since fS̃(S̃) = fS(S)J(S → S̃), the Jacobian is

J(S → S̃) =
fS̃(S̃)

fS(S)

=
c{det(AA⊤)}−n/2 exp

{
−1

2
tr(A−⊤A−1S̃)

}
{det(S̃)}(n−p−1)/2

c exp
{
−1

2
tr(S)

}
{det(S)}(n−p−1)/2

=
c{det(AA⊤)}−n/2 exp

{
−1

2
tr(A−⊤A−1ASA⊤)

}
{det(ASA⊤)}(n−p−1)/2

c exp
{
−1

2
tr(S)

}
{det(S)}(n−p−1)/2

= {det(A)}−(p+1).□
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5. Let S ∼ Wp(Σ, n). Calculate the expectation E(det(Sm)), where m is a positive integer.
Solution. According to Bartlett’s decomposition of the Wishart matrix S, we have

det(S) = det(Σ1/2T⊤TΣ1/2) = det(Σ){det(T )}2 = det(Σ)

p∏
i=1

t2ii.

Therefore, we have

E(det(Sm)) = [det(Σ)]mE

{
p∏

i=1

t2mii

}
= [det(Σ)]m

p∏
i=1

E(t2mii )

= [det(Σ)]m
p∏

i=1

E(χ2
n−i+1)

m = [det(Σ)]m
p∏

i=1

E {2Gamma((n− i+ 1)/2)}m

= [det(Σ)]m2mp

∏p
i=1 Γ

(
n−i+1

2
+m

)∏p
i=1 Γ

(
n−i+1

2

) .□

6. (Expectation of the inverted Wishart distribution) If S ∼ Wp(Σ, n) with n ≥ p + 2.
Show that E(S−1) = Σ−1/(n− p− 1). Therefore, (n− p− 1)S−1 is an unbiased estimate of
Σ−1. Hint: Use the fact that for any constant vector a, a⊤Σ−1a/a⊤S−1a ∼ χ2

n−p+1.
Solution. First, we notice that the expectation of a inverse chi-squared distribution with
degrees of freedom ν is

E(1/χ2
ν) = E {2Gamma(ν/2)}−1 =

Γ(ν/2− 1)

Γ(ν/2)
/2 =

1

ν − 2
.

If we take a = (1, 0, . . . , 0), from a⊤Σ−1a/a⊤S−1a = (Σ−1)11/(S
−1)11 ∼ χ2

n−p+1, we know

E(S−1)11 = (Σ−1)11 × E(χ2
n−p+1)

−1 = (Σ−1)11/(n− p− 1).

Similarly, we also have E(S−1)22 = (Σ−1)22/(n− p− 1), and the same results hold for other
diagonal terms.

If we take a = (1, 1, 0, . . . , 0), from

a⊤Σ−1a/a⊤S−1a =
(Σ−1)11 + Σ−1

22 + 2(Σ−1)12
(S−1)11 + (S−1)22 + 2(S−1)12

∼ χ2
n−p+1,

we know

E
[
(S−1)11 + (S−1)22 + 2(S−1)12

]
=

[
(Σ−1)11 + Σ−1

22 + 2(Σ−1)12
]
× E(χ2

n−p+1)
−1

=
[
(Σ−1)11 + Σ−1

22 + 2(Σ−1)12
]
/(n− p− 1).

Since we have proved the diagonal terms, we have

E(S−1)12 = (Σ−1)12/(n− p− 1).

Proofs for other off-diagonal terms are similar. □
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Remark: you can also use the hint in this way,

E [
aTS−1a

aTΣ−1a
] = E(1/χn−p+1) =

1

n− p− 1
.

Therefore, for any a, we have

aT
(
E [S−1]− 1

n− p− 1
Σ−1

)
a = 0,

which implies the symmetric matrix E [S−1]− 1
n−p−1

Σ−1 is zero, i.e.

E [S−1] =
1

n− p− 1
Σ−1.

(In the last step, consider the eigenvalue decomposition of the symmetric matrix.)
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