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1. Prove the following properties of matrix rank:

(a) rank(Ap×q)+rank(Bq×r)−q ≤ rank(AB) ≤ min{rank(A), rank(B)}, i.e. rank(AB) =

rank(A), if rank(B) = q

Solution:

(1) rank(A) + rank(B) = rank

A O

O B

 ≤ rank

A O

Iq B


= rank

A O

Iq B

Iq −B

O Ir


= rank

Ip −A

O Iq

A −AB

Iq O


= rank

O −AB

Iq O

 = rank(AB) + q

(2) Lcol(AB) ⊂ Lcol(A), Lrow(AB) ⊂ Lrow(B)

(b) rank(AB) + rank(BC) ≤ rank(B) + rank(ABC)

Solution:

rank(AB) + rank(BC) = rank

AB O

O BC

 ≤ rank

AB O

B BC


= rank

AB O

B BC

 I −C

O I
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= rank

 I −A

O I

AB −ABC

B O


= rank

 O B

ABC O


= rank(B) + rank(ABC)

(c) rank(A+B) ≤ rank(A) + rank(B)

Solution:

Lcol(A+B) ⊂ Span{Lcol(A) ∪ Lcol(B)}

2. Prove the following properties of matrix trace:

(a) tr(AB) = tr(BA)

Solution:

tr(AB) =
∑

i(AB)ii =
∑

i

∑
j aijaji =

∑
j

∑
i bjiaij =

∑
j(BA)ji = tr(BA).

(b) tr(A) =
∑

λi, where λi are eigenvalues of A, if A is real symmetric.

Solution:

Since A is symmetric, it can be decomposed as A = PΛP T , where P is an or-

thogonal matrix satisfying PP T = P TP = I and Λ = diag(λi). Then we have

tr(A) = tr(PΛP T ) = tr(P TPΛ) = tr(Λ) =
∑

λi.

3. Let A be a n× n such that ATA = A2. Show that A is symmetric.

Solution:

tr[(A− AT )T (A− AT )] = tr(ATA− AA− AAT + AAT ) = 0.
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4. Calculate the Vandermonde determinant.

V (x1, ..., xn) =

∣∣∣∣∣∣∣∣∣∣∣∣

1 x1 x2
1 · · · xn−2

1 xn−1
1

1 x2 x2
2 · · · xn−2

2 xn−1
2

...
...

...
. . .

...
...

1 xn x2
n · · · xn−2

n xn−1
n

∣∣∣∣∣∣∣∣∣∣∣∣
Solution:

Starting from the left column, we minus x1 multiply the column left to it.

V (x1, ..., xn) =

∣∣∣∣∣∣∣∣∣∣∣∣

1 x1 x2
1 · · · xn−2

1 xn−1
1

1 x2 x2
2 · · · xn−2

2 xn−1
2

...
...

...
. . .

...
...

1 xn x2
n · · · xn−2

n xn−1
n

∣∣∣∣∣∣∣∣∣∣∣∣

=

∣∣∣∣∣∣∣∣∣∣∣∣

1 0 0 · · · 0 0

1 x2 − x1 x2
2 − x1x2 · · · xn−2

2 − x1x
n−3
2 xn−1

2 − x1x
n−2
2

...
...

...
. . .

...
...

1 xn − x1 x2
n − x1xn · · · xn−2

n − x1x
n−3
n xn−1

n − x1x
n−2
n

∣∣∣∣∣∣∣∣∣∣∣∣

=

∣∣∣∣∣∣∣∣∣∣∣∣
x2 − x1 x2

2 − x1x2 · · · xn−2
2 − x1x

n−3
2 xn−1

2 − x1x
n−2
2

...
...

...
. . .

...

xn − x1 x2
n − x1xn · · · xn−2

n − x1x
n−3
n xn−1

n − x1x
n−2
n

∣∣∣∣∣∣∣∣∣∣∣∣

= (x2 − x1)(x3 − x1) · · · (xn − x1)

∣∣∣∣∣∣∣∣∣∣∣∣
1 x2 · · · xn−3

2 xn−2
2

...
...

...
. . .

...

1 xn · · · xn−3
n xn−2

n

∣∣∣∣∣∣∣∣∣∣∣∣
=

∏
j>1

(xj − x1)V (x2, ..., xn)

=
∏

1≤i<j≤n

(xi − xj)
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5. (Sherman-Morrison formula) Suppose the inverse of A = An×n is known, now we

perturb each element of the matrix by Aij → Aij + ∆xi∆yj = Bij, denote the new

matrix by B = {Bij}. Calculate the inverse of matrix B.

Solution:

Write B = A + uvT , where u, v are n × 1 vectors where ui = ∆xi, vi = ∆yi. The

Sherman-Morrison formula provides a quick way to compute the inverse of matrix B:

B−1 = (A+ uvT )−1 = A−1 − A−1uvTA−1

1 + vTA−1u

6. Consider the equicorrelation matrix

A =


1 ρ · · · ρ

ρ 1 · · · ρ
...

...
. . .

...

ρ ρ · · · 1


Find the explicit expressions of det(A) and A−1.

Solution:

We can write A as follows:

A = (1− ρ)In + ρ1n1
′
n = (1− ρ)(In +

ρ

1− ρ
1n1

′
n).

Therefore, the determinant of A is

det(A) = (1−ρ)ndet(In+
ρ

1− ρ
1n1

′
n) = (1−ρ)ndet(1+

ρ

1− ρ
1′
n1n) = (1−ρ)n(1+

nρ

1− ρ
).

The inverse of A is:

A−1 = (1− ρ)−1

{
I−1
n − I−1

n 1n1
′
nI

−1
n

/(1− ρ

ρ
+ 1′

nI
−1
n 1n

)}
=

1

1− ρ
In −

ρ

(1− ρ)2 + ρ(1− ρ)n
1n1

′
n.
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